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Abstract
A priori estimates for the weak solutions the Dirichlet problem
for the uniformly higher-order elliptic equations in a smooth bounded
domain Ω ⊂ Rn in generalized weighted Sobolev-Morrey spaces are
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1 Introduction
Recall that the classicalMorrey spaces Lp,λ were introduced in [23] in order
to study the local behavior of the solutions of elliptic systems. Moreover,
various Morrey spaces are defined in the process of study. Guliyev, Mizuhara
and Nakai [12, 25, 26] introduce generalized Morrey spacesMp,ϕ. Komori and
Shirai [22] define weighted Morrey spaces Lp,κ(w); Guliyev [13] give a concept
of the generalized weighted Morrey spaces Mp,ϕ(w) which could be viewed as
extension of both Mp,ϕ and Lp,κ(w), study the boundedness of the classical
1Corresponding author : vagif@guliyev.com (V.S. Guliyev); tgadjiev@mail.az (T.S.
Gadjiev); serbetci@ankara.edu.tr (A. Serbetci)
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operators and their commutators in spaces Mp,ϕ(w) was studied (see, also
[15, 21]).
Let W 2mp (Ω) be the standard notation for Sobolev spaces. In [1] for the
solutions of uniformly elliptic equations in a smooth domain Ω the following
a priori estimate
‖u‖W 2mp (Ω) ≤ C‖f‖Lp(Ω) (1.1)
were obtained. In [24] on a bounded domain Ω with smooth boundary ∂Ω
for the Laplace equation with weight w(x) belonging to the Muckenhoupt
class Ap (see [2]) was proved the following a priori estimate
‖u‖W 2p (Ω,w) ≤ C‖f‖Lp(Ω,w).
Weighted estimates for a wide class of singular integral operators has
been obtained for weights in the class of Muckenhoupt Ap. Therefore, it is a
natural question whether analogous weighted a priori estimates can be proved
for the derivativies of solutions elliptic equations. In [5] the previous results
of [2] (also [9, 10, 11]) for powers of the Laplacian operator with homogeneous
Dirichlet boundary conditions were extended to weighted Sobolev spaces, i.e.,
it is proved that
‖u‖W 2mp (Ω,w) ≤ C‖f‖Lp(Ω,w),
for ω ∈ Ap, where the constant C depends on Ω, m, n and w.
In [18], Guliyev, Gadjiev and Galandarova study the boundedness of the
sublinear operators generated by Calderon-Zygmund operators in local gen-
eralized Morrey spaces. By using these results they prove the solvability of
the Dirichlet boundary value problem for a polyharmonic equation in modi-
fied local generalized Sobolev-Morrey spaces and obtain a priori estimates for
the solutions of the Dirichlet boundary value problems for the uniformly el-
liptic equations in modified local generalized Sobolev-Morrey spaces defined
on bounded smooth domains.
Main purpose of this paper is to generalize Calderon-Zygmund type esti-
mates of weak solution in generalized weighted Sobolev-Morrey spaces. These
estimates play an important role in regularity theory with Ho¨lder estimates,
studies have examined for classical Lp estimates or their generalizations. We
apply these estimates to study the regularity of the solution of Dirichlet prob-
lem for linear elliptic partial differential equations (see [3, 16, 17, 20]). The
presented results are generalization of previous works [4, 5, 6, 8, 19].
The paper is organized as follows. In Section 2, we give some definitions
and auxiliary results. We also give some estimates of Green function and
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Poisson kernel. In Section 3, we study the boundedness of the maximal sin-
gular integral operators in generalized weighted Morrey spaces. In Section 4,
we give regularity estimates and solvability of higher-order elliptic equations
in generalized weighted Sobolev-Morrey spaces WmMp,ϕ(Ω, w). In Section
5, we prove the solvability of a uniformly elliptic boundary value problem in
WmMp,ϕ(Ω, w).
We denote by c, C, c1, c2 etc., the various absolute positive constants,
which may have different values even in the same line.
2 Preliminaries
Let Rn be n-dimensional Euclidean space, Ω ⊂ Rn be an open set. We
denote by χE the characteristic function of a set E ⊆ R
n and B(x, r) = {y ∈
Rn : |x− y| < r}.
Consider the homogeneous problem
{
(−∆)mu = f in Ω,(
∂
∂υ
)j
u = 0 in ∂Ω, 0 ≤ j ≤ m− 1,
(2.1)
where ∂
∂υ
is the normal derivative, in a bounded domain Ω with smooth
boundary ∂Ω. The solution of (2.1) is given by
u(x) =
∫
Ω
Gm(x, y)f(y)dy, (2.2)
where Gm(x, y) is Green function of the operator which can be written as
Gm(x, y) = Γ(x− y) + h(x, y) (2.3)
in Ω, here Γ(x− y) is a fundamental solution and h(x, y) satisfies
(−∆x)
mh(x, y) = 0, x ∈ Ω,
(
∂
∂ν
)j
h(x, y) = −
(
∂
∂ν
)j
Γ(x− y), x ∈ ∂Ω, 0 ≤ j ≤ m− 1
for each fixed y ∈ Ω. Then
h(x, y) = −
m−1∑
j=0
∫
∂Ω
Kj(y, P )
(
∂
∂ν
)j
Γ(P − x)ds,
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where Kj(y, P ) are Poisson kernels, ds denotes the surface measure on ∂Ω.
We have the following known estimates of Green function Gm(x, y) and Pois-
son kernels Kj(x, y):
|DαxGm(x, y)| ≤ C, for |α| < 2m− n, (2.4)
|DαGm(x, y)| ≤ C log
(
2d
|x− y|
)
, for |α| = 2m− n, (2.5)
|DαGm(x, y)| ≤ C |x− y|
2m−n−|α|, for |α| > 2m− n, (2.6)
|DαGm(x, y)| ≤
C
|x− y|n
min
{
1,
d(y)
|x− y|
}m
, for |α| = 2m, (2.7)
|Kj(x, y)| ≤
C d(x)
|x− y|n−j+m−1
, for 0 ≤ j ≤ m− 1, (2.8)
where d(x) = dist(x, ∂Ω) and d = diam(Ω) (see [5, 6]).
The Hardy-Littlewood maximal operator M is defined by
Mf(x) = sup
t>0
|B(x, t)|−1
∫
B(x,t)
|f(y)|dy.
Now we give some known pointwise estimates.
Lemma 2.1. [18] Let u(x) be the solution of the problem (2.1) and |α| ≤
2m − n. Then there exists a constant C depending on n,m and Ω for all
x ∈ Ω such that
|Dαu(x)| ≤ CMf(x).
Lemma 2.2. [5] Let f , g be measurable functions on Ω, |α| = 2m and D =
{(x, y) ∈ Ω× Ω : |x− y| > d(x)}. Then there exists a constant C depending
on n,m and Ω such that
∫
D
|DαGm(x, y)f(y)g(x)|dxdy ≤ C
(∫
D
Mf(y)|g(x)|dx+
∫
D
Mg(y)|f(y)|dy
)
.
In order to see how to estimate Dαxh(x, y) in Ω\D, we consider separately
the functions h(x, y) and Γ(x, y) involved in Gm(x, y).
Lemma 2.3. [5] If |α| > 2m − n + 1, then there exists a constant C such
that
|Dαxh(x, y)| ≤ C d
2m−n−|α|(x) for |x− y| ≤ d(x). (2.9)
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LetK be a Calderon-Zygmund singular integral operator, briefly a Calderon-
Zygmund operator is a linear operator bounded from L2(R
n) to L2(R
n) taking
all infinitely continuously differentiable functions f with compact support to
functions in Lloc1 (R
n), represented for such functions by
Kf(x) =
∫
Rn
K(x, y)f(y)dy,
here K(x, y) is a continuous function which satisfies the standard estimates.
It follows from the previous lemmas that for each x ∈ Ω and |α| >
2m− n+ 1 we have Dαxh(x, y) is bounded uniformly in a neighborhood of x
and so
Dαx
∫
Ω
h(x, y)f(y)dy =
∫
Ω
Dαxh(x, y)f(y)dy. (2.10)
On the other hand, although DαxΓ(x, y) is a singular kernel for |α| = 2m,
taking β such that |β| = 2m− 1, we have that
Dαx
∫
Ω
DβxΓ(x− y)f(y)dy = Kf(x) + a(x)f(x), (2.11)
where a(x) is a bounded function and K is a Calderon-Zygmund operator
given by
Kf(x) = lim
ε→0
Kεf(x) with Kεf(x) =
∫
Rn\B(x,ε)
DαxΓ(x− y)f(y)dy.
We will also make use of the maximal singular operatorK∗f(x) = sup
ε>0
|Kεf(x)|.
Here and in what follows we consider f defined in Rn extending the original
f by zero.
Lemma 2.4. [5] Let g(x) be a measurable function on Ω and |α| = 2m.
Then there exists a constant C depending only on n,m and Ω such that
∫
Ω
|Dαu(x) g(x)|dx ≤ C
(∫
Ω
K∗f(x) |g(x)|dx+
∫
Ω
Mf(x) |g(x)|dx
+
∫
Ω
Mg(x) |f(x)|dx+
∫
Ω
|f(x)| |g(x)|dx
)
.
Let 1 ≤ p <∞, ϕ be a positive measurable function on Rn × (0,∞) and
w be nonnegative measurable function on Rn. We denote byMp,ϕ(R
n, w) the
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generalized weighted Morrey spaces, the space of all functions f ∈ Llocp,w(R
n)
with finite norm
‖f‖Mp,ϕ(w) = sup
x∈Rn,r>0
ϕ−1(x, r)w(B(x, r))−
1
p‖f‖Lp,w(B(x,r)),
where Lp,w(B(x, r)) denotes the weighted Lp-space of measurable functions
f for which
‖f‖Lp,w(B(x,r)) ≡ ‖fχB(x,r)‖Lp,w(Rn) =
(∫
B(x,r)
|f(y)|pw(y)dy
)1
p
.
Furthermore, byWMp,ϕ(w) ≡WMp,ϕ(R
n, w) we denote the weak generalized
weighted Morrey space of all functions f ∈ WLlocp,w(R
n) for which
‖f‖WMp,ϕ(w) = sup
x∈Rn,r>0
ϕ−1(x, r)w(B(x, r))−
1
p‖f‖WLp,w(B(x,r)) <∞,
where WLp,w(B(x, r)) denotes the weak Lp,w-space of measurable functions
f for which
‖f‖WLp,w(B(x,r)) ≡ ‖fχB(x,r)‖WLp,w(Rn) = sup
t>0
(∫
y∈B(x,r):|f(y)|>t
w(y)dy
)1
p
.
Remark 2.1. 1. If w ≡ 1, then Mp,ϕ(1) = Mp,ϕ(R
n) is the generalized
Morrey space.
2. If ϕ(x, r) = w(B(x, r))
k−1
p , then Mp,ϕ(w) = Lp,k(w) is the weighted
Morrey space.
3. If ϕ(x, r) = w1(B(x, r))
k
p w(B(x, r))−
1
p , then Mp,ϕ(w) = Lp,k(w,w1) is
the two weighted Morrey space.
4. If w = 1 and ϕ(x, r) = r
λ−n
p with 0 < λ < n, then Mp,ϕ(w) = Lp,λ(R
n)
is the classical Morrey space and WMp,ϕ(w) = WLp,λ(R
n) is the weak
Morrey space.
5. If ϕ(x, r) = w(B(x, r))−
1
p , then Mp,ϕ(w) = Lp,w(R
n) is the weighted
Lebesgue space.
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For any bounded domain Ω we define Mp,ϕ(Ω, w) taking f ∈ Lp,w(Ω)
and Ω(x, r) instead of B(x, r) in the norm above and Ω(x, r) = Ω ∩ B(x, r).
The generalized weighted Sobolev-Morrey spaces WmMp,ϕ(Ω, w) consist of
all weighted Sobolev functions u ∈ Wmp (Ω, w) with distributional derivatives
Dsu ∈ Mp,ϕ(Ω, w), 0 ≤ |s| ≤ m, endowed with the norm
‖u‖WmMp,ϕ(Ω,w) =
∑
0≤|s|≤m
‖Dsu‖Mp,ϕ(Ω,w).
The space WmMp,ϕ(Ω, w) ∩ C
∞
0 (Ω) =
◦
WmMp,ϕ(Ω, w).
We recall the definition of Ap(Ω) class for 1 ≤ p < ∞. A non-negative
locally integrable function w(x) belongs to Ap(Ω) if there exists a constant
C such that (
1
|B|
∫
B
w(x)dx
)(
1
|B|
∫
B
w−
1
p−1 (x)dx
)p−1
≤ C,
for all ball B ⊂ Ω.
Theorem 2.1. [13] Let 1 ≤ p <∞, w ∈ Ap(R
n) and the pair (ϕ1, ϕ2) satisfy
the condition
∫ ∞
r
ess inf
t<s<∞
ϕ1(x, s)w(B(x, s))
1
p
w(B(x, s))
1
p
dt
t
≤ Cϕ2(x, r), (2.12)
where C does not depend on x and r. Then the operators M and K are
bounded fromMp,ϕ1(w) toMp,ϕ2(w) for p > 1 and fromM1,ϕ1(w) toWM1,ϕ2(w).
3 Boundedness of the maximal singular op-
erators in Mp,ϕ(Ω, w)
In this section we prove the boundedness of the maximal singular operators
K∗ in generalized weighted Morrey spaces Mp,ϕ(Ω, w). We are going to use
the following statement on the boundedness of the weighted Hardy operator
H∗wg(r) :=
∫ d
r
g(t)w(t) dt, 0 < r < d .
where w is a fixed function non-negativeand measurable on (0, d).
The following theorem was proved in [14].
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Theorem 3.1. Suppose that v1, v2, and w are weights on (0, d). Then the
inequality
ess sup
0<r<d
v2(r)H
∗
wg(r) ≤ C ess sup
0<r<d
v1(r)g(r) (3.1)
holds with some C > 0 for all nonnegative and nondecreasing g on (0, d) if
and only if
B := ess sup
0<r<d
v2(r)
∫ d
r
w(t)
ess sup
t<s<d
v1(s)
dt <∞ (3.2)
and C = B is the best constant in (3.1).
Remark 3.1. In (3.1) and (3.2) it is assumed that 1
∞
= 0 and 0 · ∞ = 0.
In the following lemma we give local estimates for the maximal singular
integral.
Lemma 3.1. Let 1 ≤ p <∞ and w ∈ Ap(Ω). Then for p > 1 the inequality
‖K∗f‖Lp,w(Ω(x0,r)) . w(Ω(x0, r))
1
p
∫ d
2r
‖f‖Lp,w(Ω(x0,t)) w(Ω(x0, t))
− 1
p
dt
t
holds for any ball Ω(x0, r), and for all f ∈ L
loc
p,w(Ω).
Moreover, for p = 1 the inequality
‖K∗f‖WL1,w(Ω(x0,r)) . w(Ω(x0, r))
∫ d
2r
‖f‖L1,w(Ω(x0,t)) w(Ω(x0, t))
−1 dt
t
holds for any ball Ω(x0, r), and for all f ∈ L
loc
1,w(Ω).
Proof. For arbitrary x0 ∈ R
n, set Ω0 = Ω(x0, r) for the ball centered at x0
and of radius r, 2Ω0 = Ω(x0, 2r). We represent f as
f = f1 + f2, f1(y) = f(y)χ2Ω0(y), f2(y) = f(y)χ ∁(2B)(y), r > 0 (3.3)
and have
‖K∗f‖Lp,w(Ω0) ≤ ‖K
∗f1‖Lp,w(Ω0) + ‖K
∗f2‖Lp,w(Ω0).
Since f1 ∈ Lp,w(Ω), K
∗f1 ∈ Lp,w(Ω) and from the boundedness of K
∗ in
Lp,w(Ω) for w ∈ Ap(Ω) (see, for example, [7, Corollary 7.13]) it follows that
‖K∗f1‖Lp,w(Ω) ≤ ‖K
∗f1‖Lp,w(Ω) . ‖f1‖Lp,w(Ω) ≈ ‖f‖Lp,w(2Ω0).
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It is clear that x ∈ Ω0, y ∈
∁
(2Ω0) implies
1
2
|x0− y| ≤ |x− y| ≤
3
2
|x0− y|.
Then by the Minkowski inequality and conditions on Ω, we get
K∗f2(x) .
∫
∁(2Ω0)
|f(y)|
|x0 − y|n
dy.
By Fubini’s theorem we have∫
∁(2Ω0)
|f(y)|
|x0 − y|n
dy ≈
∫
∁(2Ω0)
|f(y)|
∫ ı
|x−y|
dt
tn+1
dy
=
∫ d
2r
∫
2r≤|x0−y|<t
|f(y)|dy
dt
tn+1
.
∫ d
2r
∫
Ω(x0,t)
|f(y)|dy
dt
tn+1
.
By applying Ho¨lder’s inequality for w ∈ Ap(Ω), we get
∫
∁(2Ω0)
|f(y)|
|x0 − y|n
dy .
∫ d
2r
‖f‖L1(Ω(x0,t))
dt
tn+1
.
∫ d
2r
‖f‖Lp,w(Ω(x0,t)) ‖w
−1/p‖Lp′(Ω(x0,t))
dt
tn+1
.
∫ d
2r
‖f‖Lp,w(Ω(x,t)) w(Ω(x0, t))
− 1
p |Ω(x0, t)|
dt
tn+1
.
∫ ı
2r
‖f‖Lp,w(Ω(x0,t))w(Ω(x0, t))
− 1
p
dt
t
. (3.4)
Moreover, for all p ∈ (1, ı) the inequality
‖K∗f2‖Lp,w(Ω0) . w(Ω0)
1
p
∫ d
2r
‖f‖Lp,w(Ω(x0,t)) w(Ω(x0, t))
− 1
p
dt
t
.
is valid. Thus
‖K∗f‖Lp,w(Ω0) . ‖f‖Lp,w(2Ω0) + w(B)
1
p
∫ ı
2r
‖f‖Lp,w(Ω(x0,t)) w(Ω(x0, t))
− 1
p
dt
t
.
On the other hand,
‖f‖Lp,w(2Ω0) . |Ω0|
∫ d
2r
‖f‖Lp,w(Ω(x0,t))
dt
tn+1
. w(Ω0)
1
p ‖w−1/p‖Lp′(Ω0)
∫ d
2r
‖f‖Lp,w(Ω(x0,t))
dt
tn+1
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. w(Ω0)
1
p
∫ d
2r
‖f‖Lp,w(Ω(x0,t)) ‖w
−1/p‖Lp′ (Ω(x0,t))
dt
tn+1
. w(Ω0)
1
p
∫ d
2r
‖f‖Lp,w(Ω(x0,t))w(Ω(x0, t))
− 1
p
dt
t
.
Thus
‖K∗f‖Lp,w(Ω0) . w(Ω0)
1
p
∫ d
2r
‖f‖Lp,w(Ω(x0,t)) w(Ω(x0, t))
− 1
p
dt
t
.
Let p = 1. From the weak (1, 1) boundedness of K∗ it follows that
‖K∗f1‖WL1,w(Ω0) ≤ ‖K
∗f1‖WL1,w(Ω) . ‖f1‖L1,w(Ω) = ‖f‖L1,w(2Ω0)
. w(Ω0)
∫ d
2r
‖f‖L1,w(Ω(x,t))w(Ω(x, t))
−1dt
t
.
Thus we complete the proof of Lemma 3.1.
Theorem 3.2. Let 1 ≤ p < ı, w ∈ Ap(Ω) and the pair (ϕ1, ϕ2) satisfy
the condition (2.12). Then the operator K∗ is bounded from Mp,ϕ1(Ω, w) to
Mp,ϕ2(w) for p > 1 and from M1,ϕ1(w) to WM1,ϕ2(w) for p = 1.
Proof. By Lemma 3.1 and Theorem 3.1 with ν1(r) = ϕ1(x, r)
−1w(Ω(x, t))−
1
p ,
ν2(r) = ϕ2(x, r)
−1 and w(r) = w(Ω(x, t))−
1
p we have for p > 1
‖K∗f‖Mp,ϕ2 (w) . sup
x∈Rn, r>0
ϕ2(x, r)
−1
∫ ı
r
‖f‖Lp,w(Ω(x,t)) w(Ω(x, t))
− 1
p
dt
t
. sup
x∈Rn,r>0
ϕ1(x, r)
−1w(Ω(x, r))−
1
p ‖f‖Lp,wΩ(x,r) = ‖f‖Mp,ϕ1(w).
Let p = 1. By Lemma 3.1 and Theorem 3.1 with ν2(r) = ϕ2(x, r)
−1, ν1(r) =
ϕ1(x, r)
−1w(Ω(x, t))−1 and w(r) = w(Ω(x, t))−1 we have
‖K∗f‖WM1,ϕ2(w) . sup
x∈Rn, r>0
ϕ2(x, r)
−1
∫ ı
r
‖f‖Lp,w(Ω(x,t)) w(Ω(x, t))
−1 dt
t
. sup
x∈Rn,r>0
ϕ1(x, r)
−1w(Ω(x, r))−1 ‖f‖L1,wΩ(x,r) = ‖f‖M1,ϕ1 (w).
For ϕ1(x, r) = ϕ2(x, r) ≡ w(Ω(x, r))
k−1
p , from Theorem 2.1 we have the
following result.
Corollary 3.1. [22] Let 1 ≤ p < ∞, 0 ≤ k < 1 and w ∈ Ap(Ω). Then the
operator K∗ is bounded on Lp,k(Ω, w) for p > 1, and bounded from L1,k(Ω, w)
to WL1,k(Ω, w).
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4 Solvability of higher-order elliptic equations
in WmMp,ϕ(Ω, w)
In this section we give an application the boundedness of maximal singu-
lar operators in generalized weighted Morrey spaces Mp,ϕ(Ω, w) to regular-
ity estimates and solvability of higher-order elliptic equations in generalized
weighted Sobolev-Morrey spaces WmMp,ϕ(Ω, w).
We can now state and prove our main result.
Theorem 4.1. Let Ω ⊂ Rn be a bounded domain with smooth boundary ∂Ω
and ϕ satisfy the condition
∫ ∞
r
ess inf
t<s<∞
ϕ(x, s)w(B(x, s))
1
p
w(B(x, s))
1
p
dt
t
≤ Cϕ(x, r), (4.1)
where C does not depend on x and r. If w ∈ Ap(Ω), f ∈ Mp,ϕ(Ω, w) and
u(x) a weak solution of (2.1), then there exists a constant C depending only
n,m,w and Ω such that
‖u‖W 2mMp,ϕ(Ω,w) ≤ C ‖f‖Mp,ϕ(Ω,w).
Proof. Since M is a bounded operator in Mp,ϕ(Ω, w), by Lemma 2.1 and
Theorem 2.1 it follows that
∑
|α|≤2m−1
‖Dαu‖Mp,ϕ(Ω,w) . ‖Mf‖Mp,ϕ(Ω,w) . ‖f‖Mp,ϕ(Ω,w).
Therefore, it only remains to estimate ‖Dαu‖pMp,ϕ(Ω,w) for |α| = 2m.
Let w ∈ Ap(Ω) and g(x) = (D
αu(x))p−1w(x). By Lemma 2.4 we see that
‖Dαu‖Mp,ϕ(Ω,w) = sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−1/p
(∫
Ω(x,r)
Dαu(y) |g(y)|dy
)1/p
≤ sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−1/p
(∫
Ω(x,r)
K∗f(y) |g(y)|dy+
∫
Ω(x,r)
Mf(y) |g(y)|dy
+
∫
Ω(x,r)
Mg(y) |f(y)|dy+
∫
Ω(x,r)
|f(y)| |g(y)|dy
)1/p
≤ I + II + III + IV.
(4.2)
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By the definition of g(x)∫
Ω(x,r)
|g(x)|p
′
w
p′
p (x)
dx =
∫
Ω(x,r)
|Dαu(x)|pw(x)dx.
Since K∗ and M are bounded operators in Mp,ϕ(Ω, w), by Corollary 3.1
applying the Ho¨lder inequality, it follows that
I = sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
K∗f(y) |g(y)|dy
)1
p
≤ sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
(K∗f(y))pw(y)dy
) 1
p2
(∫
Ω(x,r)
|g(y)|p
′
w
p′
p (y)
dy
) 1
p′
≤ ‖K∗f‖
1
p
Mp,ϕ(Ω,w)
sup
x∈Ω,r>0
ϕ
− 1
p′ (x, r)w(Ω(x, r))
− 1
pp′
( ∫
Ω(x,r)
∣∣Dαu(y)∣∣pw(y)dy) 1p′
. ‖f‖
1
p
Mp,ϕ(Ω,w)
‖Dαu‖
1
p′
Mp,ϕ(Ω,w)
, (4.3)
where 1
p
+ 1
p′
= 1.
In the same way, we obtain that
II = sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
Mf(y) |g(y)|dy
)1/p
≤ sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
(Mf(y))pw(y)dy
) 1
p2
(∫
Ω(x,r)
|g(y)|p
′
w
p′
p (y)
dy
) 1
p′
≤ ‖Mf‖
1
p
Mp,ϕ(Ω,w)
sup
x∈Ω,r>0
ϕ
− 1
p′ (x, r)w(Ω(x, r))
− 1
pp′
(∫
Ω(x,r)
∣∣Dαu(y)∣∣pw(y)dy) 1p′
. ‖f‖
1
p
Mp,ϕ(Ω,w)
‖Dαu‖
1
p′
Mp,ϕ(Ω,w)
, (4.4)
and
III = sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
|f(y)| |g(y)|dy
)1
p
≤ sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
|f(y)|pw(y)dy
) 1
p2
( ∫
Ω(x,r)
|g(y)|p
′
w
p′
p (y)
dy
) 1
p′
≤ ‖f‖
1
p
Mp,ϕ(Ω,w)
sup
x∈Ω,r>0
ϕ
− 1
p′ (x, r)w(Ω(x, r))
− 1
p′
(∫
Ω(x,r)
∣∣Dαu(y)∣∣pw(y)dy) 1p′
. ‖f‖
1
p
Mp,ϕ(Ω,w)
‖Dαu‖
1
p′
Mp,ϕ(Ω,w)
. (4.5)
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For the last term in (4.2), taking into account that w−
p′
p ∈ Ap′(Ω), we have
that
IV = sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
Mg(y) |f(y)|dy
)1
p
≤ sup
x∈Ω,r>0
ϕ−1(x, r)w(Ω(x, r))−
1
p
(∫
Ω(x,r)
(f(y))pw(y)dy
) 1
p2
(∫
Ω(x,r)
(Mg(y))p
′
w
p′
p (y)
dy
) 1
p′
≤ ‖f‖
1
p
Mp,ϕ(Ω,w)
sup
x∈Ω,r>0
ϕ
− 1
p′ (x, r)w(Ω(x, r))
− 1
pp′
(∫
Ω(x,r)
∣∣Dαu(y)∣∣pw(y)dy) 1p′
. ‖f‖
1
p
Mp,ϕ(Ω,w)
‖Dαu‖
1
p′
Mp,ϕ(Ω,w)
. (4.6)
Then, by (4.3), (4.4), (4.5) and (4.6) we have
‖Dαu‖Mp,ϕ(Ω,w) ≤ C ‖f‖
1
p
Mp,ϕ(Ω,w)
‖Dαu‖
1
p′
Mp,ϕ(Ω,w)
.
Then, we obtain
‖Dαu‖Mp,ϕ(Ω,w) . ‖f‖Mp,ϕ(Ω,w) (4.7)
and the theorem is proved for u ∈ W 2mMp,ϕ(Ω, w).
It is easy to show that by using classical trace theorems in Sobolev
spaces and the definition of w ∈ Ap the weak solution u of (2.1) belongs
to W 2mMp,ϕ(Ω, w).
5 Estimates for any order uniformly elliptic
equations.
Consider a weak solution of Dirichlet problem{
Lu = f in Ω,
Bju = 0 in ∂Ω, 0 ≤ j ≤ m− 1,
(5.1)
where L =
∑
|α|≤2m
aαD
α - is uniformly elliptic and Bj =
∑
|α|≤j
bαD
α , 0 ≤ j ≤
m− 1 are the boundary operators defined in [1].
There exists a constant γ such that
γ−1w(x)|ξ|2 ≤
∑
|α|≤2m
aα(x)ξαξβ ≤ γw(x)|ξ|
2,
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a.e. x ∈ Ω, ∀ξ ∈ Rn and matrix aα(x) is real symmetrical matrix.
We define l1 > max
j
(2m − j) and l0 = max
j
(2m − j). If aα ∈ C
l1+1(Ω),
|α| ≤ 2m, bα ∈ C
l1+1(∂Ω), 0 ≤ j ≤ m− 1, and ∂Ω ∈ C l1+m+1, then we have
Green function Gm and Poisson kernels Kj for 0 ≤ j ≤ m−1 exist whenever
l1 > 2(l0 + 1) for n = 2 and l1 >
3
2
l0 for n ≥ 3.
Moreover, whenever they are defined, Green function and Poisson kernels
of the operator L with these boundary conditions satisfy the estimates (2.4),
(2.5), (2.6), (2.7) and (2.8) (see [4] and [6]). Then the following result is valid
for weak solution of problem (5.1).
Theorem 5.1. Let Ω ⊂ Rn be a bounded domain with smooth boundary
∂Ω and the coefficients of operators L and Bj satisfy the conditions aα ∈
C l1+1(Ω), |α| ≤ 2m, bα ∈ C
l1+1(∂Ω), 0 ≤ j ≤ m − 1. If w ∈ Ap(Ω),
f ∈Mp,ϕ(Ω, w), ϕ satisfies the condition (4.1) and u(x) is a weak solution of
(5.1), then there exists a constant C depending only on n,m,w and Ω such
that
‖u‖W 2mMp,ϕ(Ω,w) ≤ C ‖f‖Mp,ϕ(Ω,w). (5.2)
The proof Theorem 5.1 is a consequence of the above estimates of the
Green function and Lemma 2.4. Corollary 3.1 implies that the operators M
and K∗ are bounded in Mp,ϕ(Ω, w). Therefore statement of the Theorem 5.1
and estimate (5.2) are immediately consequence of inequalities in Lemma 2.4
and Corollary 3.1. Thus the theorem is proved.
From Theorems 3.2 and 5.1, and estimates in Lemma 2.4 we get the
following corollary.
Corollary 5.1. Let Ω ⊂ Rn be a bounded domain with smooth boundary
∂Ω and the coefficients of operators L and Bj satisfy the conditions aα ∈
C l1+1(Ω), |α| ≤ 2m, bα ∈ C
l1+1(∂Ω), 0 ≤ j ≤ m − 1. If w ∈ Ap(Ω),
f ∈ Mp,ϕ1(Ω, w), the pair (ϕ1, ϕ2) satisfies the condition (2.12) and u(x) is
a weak solution of (5.1), then there exists a constant C depending only on
n,m,w and Ω such that
‖u‖W 2mMp,ϕ2(Ω,w) ≤ C‖f‖Mp,ϕ1(Ω,w).
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